Improving the robustness, vis-à-vis matched input disturbances of interconnection and damping assignment, passivity based control (IDA-PBC) for a class of underactuated mechanical systems is addressed in this paper. The characterised class of systems is described by a Port Controlled Hamiltonian (PCH) model which represents another alternative to the classical Euler-Lagrange models for which IDA-PBC yields a smooth stabilising controller. Our main contribution consists of combining the so-called IDA-PBC controller with an adaptive control technique. Some sufficient stability conditions on matched input disturbances are given. In order to estimate the stability and performance robustness of both controllers, a stochastic robustness analysis was used. Indeed, we used the Monte Carlo simulation (MCS) based on uncertainties to analyse the behaviour of the closed-loop system. The comparison of the stability robustness between the classical IDA-PBC controller and the proposed one is then provided. As an illustration, we proposed to revisit the application of IDA-PBC controller to the inertia wheel inverted pendulum in the presence of matched disturbances. Simulation and real-time experimental results mirror the theoretical results and prove the efficiency of the proposed controller.
Introduction
Port-Controlled Hamiltonian (PCH) systems were introduced in 1994 by Van der Shaft and Mashke (Maschke and van der Schaft, 1994) . The central paradigm of complex systems modelling is having individual open subsystems with well-defined port interfaces which hide an internal model of variable complexity and a set of rules describing how these subsystems interact through the port variables (D'oria-Cerezo, 2006) . PCH systems, which represent another alternative to the classical Euler-Lagrange models, have been used to implement this general idea. Writing a system in a PCH form has the advantage of covering a large set of physical systems and providing important structural properties. An extended survey of PCH systems is presented in van der Schaft (2006) . The technique used to control PCH systems is called interconnection and damping assignment passivity-based control (IDA-PBC) (Ortega and Garcıa-Canseco, 2004) , which combines the passivity properties of PCH systems with interconnection and energy-based control. IDA-PBC uses the Hamiltonian framework and consists in solving the partial differential equation (PDE) associated to the energy balance equation. This technique has been applied to a large variety of plants: mechanical system ensures some stability properties in spite of the presence of external disturbances. The effect of external disturbances on the inertia wheel inverted pendulum (IWIP) subject to IDA-PBC control drew the attention of many researchers. In Khraief, Chemori, and Belghith (2014) , authors were provided two sufficient stability conditions to deal with matched and unmatched disturbances. Results are proved experimentally. Ryalat (2015) proposed some controllers in order to solve the constant disturbance rejection problem for underactuated systems (Choukchou-Braham, Cherki, Djemaï, & Busawon, 2014) . The main idea was complemented in Donaire, Romero, Ortega, Siciliano, and Crespo (2017) . That is adding an integral action on non passive outputs of underactuated systems. The performances of the proposed controller is illustrated numerically on the Acrobot and experimentally on the disk-on-disk system. This work dealt with the robustness improvement of IDA-PBC controller for the IWIP. Especially in the case of matched input disturbances where little is known about the robustness issue. As a first contribution, we proposed a robust model reference adaptive (MRA) control combined with the IDA-PBC. The resulting MRA-IDA-PBC control scheme yielded a smooth asymptotically stabilising controller which increased the disturbance boundary. The second contribution deals with a comparative analysis which are done thanks to Monte Carlo simulation (MCS). As a final contribution, we validated the proposed controllers experimentally on the IWIP. Simulation and experimental results on the disturbed IWIP for different scenarios show that the proposed controller gives better performances than the classical IDA-PBC.
The remainder of the paper is organised as follows. In Section 2, we introduce IDA-PBC for disturbed underactuated mechanical systems. Section 3 presents the main contribution of the paper resulting in an adaptive control to improve the robustness of IDA-PBC controller against matched disturbances. Section 4 is devoted to simulation and experimental results. Finally, we present the conclusions and future work in Section 5.
IDA-PBC for disturbed underactuated mechanical systems

Background on IDA-PBC control for underactuated mechanical systems
.. Asymptotic stability without friction
This background is based on previous work proposed in Ortega, Spong, Gomez-E stern, and Blankenstein (2002a) , Ortega, van der Schaft, Maschke, and Escobar (2002b) . An underactuated mechanical system 1 with no natural damping can be written in Port Controlled Hamiltonian (PCH) form as follows: 2
(1) is called the nominal system, where q ∈ R n , p ∈ R n are the generalised position and momenta respectively. G(q) ∈ R n×m , is the input matrix. We consider here that the system is underactuated and assume rank(G) = m < n, u and y are the control input vector and the output vector respectively. M(q) = M T (q) > 0 is the inertia matrix, and V(q) is the potential energy. Note that :
The desired (closed-loop) energy function can be expressed by Ortega et al. (2002a) :
where [q * 0] T is the desired equilibrium, M d is the desired inertia matrix. V d is required to have an isolated minimum at q * . This target can be achieved by the following IDA-PBC controller:
where :
Relations (6) and (7) define a set of nonlinear PDE with unknowns M d and V d , with J 2 a free parameter, and p an independent coordinate. u es is the energy shaping control to assign the equilibrium and u di injects damping to achieve asymptotic stability. Inserting (5) into (1) yields the following desired (closed-loop) PCH dynamics:
where
is the damping matrix (Ortega et al., 2002a) .
.. Asymptotic stability in the presence of friction
In the above section, the designed control as described in Ortega et al. (2002a) does not consider the friction, while in the real case, damping occurs in every mechanical system. The issue is studied in detail in Delgado Londono (2016) . In what follows, we will state the most important results. Friction was added in the open-loop system (1). It was modeled by a motion opposite to a force depending on velocity, namely:
where the same definitions in (1) are maintained and R(q) is the friction matrix which is smooth and bounded as a function of q. Then after applying the IDA-PBC control (energy-shaping and damping injection), the closed-loop damped becomes:
Now, the derivative of the storage function H d becomes:
Stability is ensured forḢ d < 0 3 . Accordingly, the closedloop system have to satisfy the following necessary condition on the damping of the unactuated coordinate(s), for more details see (Delgado Londono (2016)):
Remark 2.1: Merging dumped underactuated systems with IDA-PBC control has drawn the attention of many researchers. Authors in Gomez-Estern and der Schaft (2004) prove that no stabilising energy-based controller exist that fulfills the requirements of the dumping condition (DC) (12) for a series of mechanical systems. 4 Nonetheless, in Reddy et al. (2004) an important contribution was set up. Authors demonstrate that it is possible to prove asymptotic stability of an equilibrium that has been stabilised via IDA-PBC for frictionless system, when damping is considered and the DC is not satisfied. Provided in the presence of (small) damping and if the control parameters are appropriately chosen.
In the present paper, we deal essentially with the stabilisation of the IWIP. According to , the friction in the physical device of the IWIP system was mechanically designed so as to minimise the effects of damping (viscous and dry friction). Thus, in this study the frictions of the active and passive joints are so low that we have neglected. Then, in the sequel of this work, we consider the nominal system (1), that is without friction (R(q) = 0).
Matched disturbances rejection in IDA-PBC controller
.. Problem formulation
Let us describe the underactuated mechanical system in the presence of matched input disturbances by the following PCH model:
is the matched input disturbances and δ(x, t) is assumed to be unmeasured and bounded in magnitude, usually its Euclidean norm is denoted by δ(x, t) . In this paper, we formulate the IDA-PBC stabilisation objective as follows : given the disturbed PCH system (13) and a desired equilibrium [q * 0] T , is the IDA-PBC controller (5) capable to reject disturbances and keep [q * 0] T as a stable equilibrium in spite of the existence of matched input disturbances? Note that the working space is far from the singularity region. Applying the controller (5) to the system (13), we obtain the following closed-loop disturbed system:
Note that δ 1 (x, t) = (0 G(q)δ(x, t)) T is also a vector of external disturbances. Let λ min {K v } be the smallest eigenvalue of the matrix K v , and x = [q − q * p] T . The following proposition sets some sufficient conditions on the disturbance boundaries in order to have [q * 0] T as a stable equilibrium. Proposition 2.1 (Khraief et al., 2014) : Consider the closed-loop dynamics (14) with the desired total energy H d .
If (4) gives:
We remplaceq andṗ by their expression in (14) we obtain:
Main result: robustness improvement of the IDA-PBC controller
This section deals with the robustness improvement of the IDA-PBC controller. Our main contribution consists in combining IDA-PBC controller with an adaptation law (Khraief-Haddad, Chemori, Pena, & Belghith, 2015) in order to reduce the tracking error rapidly and to increase the admissible disturbance boundaries. The proposed approach consists in a direct adaptive control in which the controller parameters (feedback gains) are estimated online. 
Basic principle of MRA-IDA-PBC
In this work, our objective was to introduce an adaptive control scheme combined with the IDA-PBC controller. The latter yields smooth stabilisation for disturbed underactuated systems (Khraief et al., 2014) . Nevertheless, the controller gains depend strongly on the matching conditions. They have to be adapted online in order to get better performances. Motivated by this issue, an adaptive control was proposed to improve the convergence of the IDA-PBC controller in the presence of matched input disturbances.
Before going further, the whole block diagram of the proposed controller is illustrated in figure (1).
Proposed adaptive control solution
.. Controller design
In the previous section, the standard (IDA-PBC) was introduced to stabilise a class of disturbed underactuated mechanical systems. However, this controller needs to determine the control gains exactly which requires full information about the interconnection and damping matrices. Consequently, ignoring the adequate gains can result in a control input which does not lead to the desired closed-loop behaviour of the closed-loop system. To resolve this issue, we proposed to describe the control input signal u in terms of a nominal part and an unknown part (based on unknown errors in the control gains). 
Where u(x, t) is the nominal controller defined in (5), (x, t) is a matrix of known functions, z = [z 1 , z 2 , … , z p ] T is the vector of unknown parameters andẑ is the estimate of z with the following adaptation law:
Where K a is a diagonal positive definite matrix. u * renders the equilibrium point stable.
Proof: With the control law (18), the resulting closed-loop of the disturbed system can be written as follows:
Define the estimation error byz =ẑ − z and a hamiltonian H as : Then the closed-loop system (20) with the errorz can be rewritten as:
Note that δ 1 (x, t) = (0 G(q)δ 1 (x, t) 0) T is the new vector of external disturbances. It can be easily proved that (22) is in a PCH form (J eq = −J T eq and R eq = R T eq ≥ 0). 5
Let's Choose H as a Lyapunov candidate function, then its first derivative can be expressed by:
Hence,Ḣ ≤ 0, and [q * 0z] T is a stable equilibrium.
Application: inertia wheel inverted pendulum
Description and modelling
The system illustrated in Figure (2) is called the inertia IWIP. It is an underactuated mechanical system. The IWIP can be modelled as a two-degrees-of-freedom serial mechanism. The first link is the pendulum (passive joint) and the second one is the rotating disc (active joint). The generated torque produces an angular acceleration of the end-mass which induces a coupling torque at the pendulum axis. The dynamic parameters of the system are summarised in Table (1). The Euler-Lagrange equations of motion can be written as 6 (Spong and Vidyasagar, 1989) :
where : θ = [θ 1 θ 2 ] T is the vector of generalised positions, u is the torque generated and applied by the actuator on the inertia wheel and :
Let us now introduce the following change of coordinates:
This leads to the following simplified model :
The model (27) can be rewritten through Hamilton's equations of motion as Santibanez et al. (2005) :
Where q = [q 1 q 2 ] T and p = [p 1 p 2 ] T = [aq 1 I W Cq 2 ] T are the generalised positions and momenta, respectively. Therefore, the Hamiltonian function is written as follows:
The equilibrium point to be stabilised is the upward position with the inertia disk aligned (q 1 = q 2 = 0) 
Simulation results
The following control law for the IWIP was proposed In Ortega et al. (2002a) :
and k 2 > 0. Together with k p and k v positive arbitrary constants, define the tuning gains.
In previous works (Khraief et al., 2014; Khraief-Haddad et al., 2015) we proposed to rewrite the control law (30) in terms of the generalised coordinates q and momenta p as :
).
Simulation results were obtained using Matlab software. Two simulation scenarios were considered in order to compare IDA-PBC controller with the proposed adaptive one. The first scenario consisted in considering the system in the nominal case without any external disturbances. Whereas, the second one aimed to show the robustness of both controllers against matched input disturbances.
.. Stabilisation in the nominal case by both controllers
The dynamics of the PCH model (28) was considered. The parameters of the IWIP are given in table (1). They were experimentally identified on the real prototype of the system. In this section simulation results obtained on the IWIP (in the nominal case) when applying both controllers are presented and discussed. The first controller is the IDA-PBC given in (31). We chose the initial configuration [q 1 q 2 p 1 p 2 ] T = (0.2 0 0 0) T . The remaining control parameters were selected as γ 1 = 6.1284, k 1 = 1.0367 and k 2 = 0.0011. k 3 = 16.62 and k 4 = 3.4640. 7 The second controller was the proposed MRA-IDA-PBC when the control input is described by the following expression:
We considered the initial conditions : (q 1 q 2 p 1 p 2 k 3 k 4 ) T =(0.2 0 0 0 2 10) T . The remaining control parameters were selected as : γ 1 = 6.1284, γ 2 = 942.447, k 1 = 1.0367, k 2 = 0.0011 and K a = ( 2.08e − 4 0 0 2 .08e − 4 ). Figure ( 3) displays the evolution of joint positions versus time for both controllers.We can observe a better performance of the proposed adaptive IDA-PBC controller which assures a faster convergence towards the equilibrium point than the standard IDA-PBC controller. Figure (4) shows the efficiency of the MRA-IDA-PBC through the evolution of the angular velocities of the pendulum and the inertia wheel.
When applying the proposed adaptive controller, the evolution of the control input converges more rapidly than the one of the IDA-PBC controller and presents less oscillations. These observations can also be seen in Figure (5) .
The effectiveness of the proposed controller can also be observed through the phase portrait in Figure (6) and Figure (7) which displays the evolution of estimated parameters versus time.
.. Robustness analysis
In this section, we proceed to test and to prove the robustness of the proposed controller. Hence, a probabilistic robustness analysis for the IWIP, in the presence of matched disturbances, is given. Monte Carlo simulation (Qian Wang, 2002) is used to provide static results about the root-mean square (RMS), where the system is subject to variations of probabilistic matched disturbances.
To perform a multiple test of the controller, IDA-PBC was compared to our MRA-IDA-PBC approach. Here, we considered that the matched disturbances were random. The role of the probabilistic methods is to quantify the impact of this type of randomness. In this work, we chose to quantify the RMS. The results of the MCSs are depicted in Figure (8) . It can be clearly concluded from those results that the IDA-PBC provides satisfactory results against matched disturbances, but the proposed MRA-IDA-PBC has significant improvement in term of robustness.
For example, a matched input disturbance was added to the dynamics (28). It consisted of constant torques 8 δ 1 (x, t) = 10 added to the control (31) at time instants: t = 5s, t = 10s and t = 15s during 0.2s at each time. The obtained simulation results are shown in Figures (9) and (10). Accordingly, it can be noticed that the MRA-IDA-PBC controller is better than IDA-PBC controller in terms of compensating matched disturbances and keeping the system around its open-loop unstable equilibrium point.
Real-time experimental results
.. Description of the experimental testbed
To validate the theoretical results, real-time experiments were carried out on the IWIP testbed shown in figure (11) . 9 This platform was designed and developed at LIRMM. Mechanical stops constrained the movement of the pendulum angle θ 1 . This angle was measured by an encoder fixed to the actuator of the system (Maxon EC-powermax 30 DC motor). An inclinometer FAS-G of micro strain served to measure in real-time the angle of the pendulum with respect to the vertical axis. The control approach was implemented on a computer using C++ language. The whole system was run under Ardence RTX real-time OS. Different control schemes have been already been implemented on this testbed Touati and Chemori, 2013) .
In the remainder of this section, we will compare the performance of both controllers experimentally. Two scenarios were represented with implementation issues. The first one concerned the control of the nominal system without perturbations; however, in the second one, the system was subject to an external perturbation.
.. Stabilisation in the nominal case
Real-time experiments were carried out thanks to the experimental testbed described above. First, we applied the IDA-PBC controller (31) with the following parameters : γ 1 = 6.1284, k 1 = 0.0471, k 2 = 0.00005, k 3 = 15.9840 and k 4 = 3.9960. The proposed experiments were started from the initial condition (q 1 q 2 p 1 p 2 ) T = (0.17 0 0 0) T . Second, we applied the proposed MRA-IDA-PBC controller (32) starting with the configuration : (q 1 q 2 p 1 p 2 K 3 K 4 ) T = (0.17 0 0 0 2 10) T . The remaining parameters were chosen as follows : γ 1 = 6.1284, γ 2 = 942.447, k 1 = 0.0471, k 2 = 0.00005, and K a = ( 0.02547 0 0 0.02547 ). Figure (12) displays the obtained results in terms of the angular positions and velocities as well as the control input as a function of time. It can be clearly observed that the convergence with MRA-IDA-PBC is better than that with the standard IDA-PBC controller. The phase portrait in Figure (13) illustrates the experimental performance of the adaptation law added to the IDA-PBC controller. Beginning with the same initial condition and applying the MRA-IDA-PBC control, we can observe that the IWIP converges more rapidly to the equilibrium point.
.. Stabilisation with matched input disturbances
In this scenario, matched input disturbances rejection was emphasised experimentally by adding external torques to (31) which were generated by pushing the pendulum at approximately t = 6 s, t = 8s and t = 12 s. Experimental results are displayed in Figure (14) . The effect of punctual disturbances at different times can be observed as peaks on the curves. Compensations of such disturbances are observed in the evolution of the angular position and velocity. These matched disturbances are better rejected by the MRA-IDA-PBC controller. We observe that the MRA-IDA-PBC controller compensates the added external torques better and maintain the system around the desired equilibrium point. These observations are also proved by phase portrait displayed in Figure (15) .
Conclusion and future work
In this work, we have studied the effect of matched input disturbances in the IDA-PBC method. We have considered the robustness improvement of IDA-PBC control applied to a class of underactuated mechanical systems. We propose an adaptive control scheme combined with the IDA-PBC design methodology. As an illustration, we have presented the proposed adaptation law for the IDA-PBC controller of the IWIP. The objective was to stabilise the system at its upward position (unstable equilibrium). To prove the robustness enhancement, we briefly used an interesting analysis tool, namely the MCS. The application of MCS can be applied in different fields such us statistical tolerance analysis, reliability design and analysis, uncertainty analysis in mechanical measurement, etc. It should be pointed out that the present work cannot include all the applications. Thus, only the propagation of the matched disturbances and the measurement of the RMS were considered in this work. Simulation as well as experimental results were presented to show the efficiency of the proposed controller compared to the classical IDA-PBC. The results illustrate how the adaptive control estimates and compensates for the errors on the gain parameters, which yields smoother stabilisation than the classical IDA-PBC controller. Various possible extensions of this work can be investigated. At first, we can improve the adaptation law in order to increase the robustness of the IWIP against unmatched uncertainties.This can be proved with the application of MCS to better quantify uncertainties on parameters (model and control) and disturbances. Second, discussions can be investigated about the generalisation of the proposed adaptive control scheme to the case of other classes of underactuated mechanical systems. Besides, such control scheme can be also compared to other controllers by means of the MCS tool. Finally, the MRA-IDA-PBC can be tested to track some reference trajectories for stable limit cycle generation.
Notes
